A short table of generating functions and related formulas by Ziff, Robert M.
ar
X
iv
:1
10
2.
07
57
v1
  [
ma
th-
ph
]  
3 F
eb
 20
11
A short table of generating functions and related formulas
Robert M. Ziff
Michigan Center for Theoretical Physics and Department of Chemical Engineering
University of Michigan, Ann Arbor, MI 48109-2136 USA
rziff@umich.edu
A table of sums useful for generating function applications (discrete Laplace transforms or z-transforms).
Related definitions and formulas (including Lagrange’s expansion), and reference to formulas in Abramowitz
and Stegun Handbook of Mathematical Functions are given.
Bold-face equation numbers refer to formulas in Abramowitz and Stegun. Many of these can be found
or verified using Mathematica.
Notation and Definitions of Functions
In general, z, r, and s are complex numbers (although some formulas may be valid for real values only),
x a real number, n and m are integers, Rz means the real part of z.
(z)n =
Γ(z + n)
Γ(z)
= z(z + 1) . . . (z + n− 1) , (z)0 = 0 6.1.22
(
r
n
)
=
r(r − 1)(r − 2) . . . (r − n+ 1)
n!
,
(
m
n
)
=
m!
n!(m− n)! (m ≥ n) 24.1.1
Sums and Functions
Binomial formula (in general, valid for |z| < 1):
∞∑
n=0
(
r
n
)
zn = (1 + z)r 3.6.8
∞∑
n=0
(
n+ s− 1
n
)
zn =
∞∑
n=0
Γ(n+ s)
Γ(s)
zn
n!
=
∞∑
n=0
(s)n
zn
n!
= (1− z)−s 3.6.9
∞∑
n=0
zn =
1
1− z 3.6.10
∞∑
n=0
nzn = z
d
dz
∞∑
n=0
zn = z
d
dz
1
1− z =
z
(1− z)2
∞∑
n=0
n2zn =
(
z
d
dz
)2
1
1− z = z
d
dz
z
(1− z)2 =
z + z2
(1 − z)3
∞∑
n=0
n3zn =
z + 4z2 + z3
(1− z)4
1
∞∑
n=0
n4zn =
z + 11z2 + 11z3 + z4
(1 − z)5
∞∑
n=0
n(n− 1)zn = 2
∞∑
n=0
(
n
2
)
zn = z2
(
d
dz
)2 ∞∑
n=0
zn =
2z2
(1− z)3
1
i!
∞∑
n=0
[n(n− 1)(n− 2) . . . (n− i+ 1)]zn =
∞∑
n=0
(
n
i
)
zn =
zi
(1− z)i+1
∞∑
n=0
(n+ 1)zn =
1
(1− z)2
1
2
∞∑
n=0
(n+ 1)(n+ 2)zn =
1
(1 − z)3
1
i!
∞∑
n=0
[(n+ 1)(n+ 2) . . . (n+ i)]zn =
∞∑
n=0
(
n+ i
i
)
zn =
1
(1− z)i+1
∞∑
n=0
(
2n
n
)
zn
22n
=
∞∑
n=0
(
1
2
)
n
zn
n!
= (1− z)−1/2
∞∑
n=0
(
2n
n
)
zn
22n(n+ 1)
=
2[1− (1− z)1/2]
z
∞∑
n=0
(
2n
n
)
zn
22n(n+ 1)(n+ 2)
=
4[(1− z)3/2 − 1 + 3z/2]
3z2
log, inverse trigonometric functions:
∞∑
n=1
zn
n
=
∫ z
0
(
∞∑
n=1
tn−1
)
dt =
∫ z
0
dt
1− t = − ln(1− z) 4.1.24
∞∑
n=1
tn
n2
=
∫ z
0
(
∞∑
n=1
tn−1
n
)
dz = −
∫ z
0
ln(1− t)
t
dt = Euler’s dilogarithm = g2(z) 27.7.1
∞∑
n=0
(±1)nz2n+1
2n+ 1
=
∫ z
0
dt
1∓ t2 =
{
arc tanh z = (1/2) ln[(1 + z)/(1− z)] (−)
arc tan z (+)
4.6.22,33
4.4.42
2
∞∑
n=0
(
2n
n
)
(±1)nz2n+1
22n(2n+ 1)
=
∫ z
0
dt
(1∓ t2)1/2 =
{
arc sin z (+)
arc sinh z = ln[z + (z2 + 1)1/2] (−)
4.4.40
4.6.31
∞∑
n=0
(±1)n22n(n!)2z2n
(n+ 1)(2n+ 1)!
=


(
arc sin z
z
)2
(+)(
arc sinh z
z
)2
(−)
Exponential, trigonometric, hyperbolic functions:
∞∑
n=0
zn
n!
= ez 4.2.1
∞∑
n=0
(±1)nz2n+1
(2n+ 1)!
=
{
sinh z = (ez − e−z)/2 (+)
sin z = (eiz − e−iz)/2i (−)
4.5.62
4.3.65
∞∑
n=0
(±1)nz2n
(2n)!
=
{
cosh z = (ez + e−z)/2 (+)
cos z = (eiz + e−iz)/2 (−)
4.5.63
4.3.66
Exponential and Fresnel Integrals
∞∑
n=1
(±1)nzn
nn!
=
∫ z
0
(
∞∑
n=1
(±1)ntn−1
n!
)
dt =
∫ z
0
e±t − 1
t
dt =
{
Ei(z)− γ − ln z (+)
−E1(z)− γ − ln z (−)
5.1.10
5.1.11
∞∑
n=0
(±1)nz2n+1
(2n+ 1)(2n+ 1)!
=
∫ z
0
(
sinh
sin
)
t
t
dt =
{
Shi(z) (+)
Si(z) (−)
5.2.3,17
5.2.1,19
∞∑
n=1
(±1)nz2n
2n(2n)!
=
∫ z
0
(
cosh
cos
)
t− 1
t
dt =
{
Chi(z)− γ − ln z (+)
Ci(z)− γ − ln z (−)
5.2.4,18
5.2.2,16
Incomplete gamma function and error function
e−z
∞∑
n=0
zn
Γ(a+ n+ 1)
=
1
Γ(a)
∞∑
n=0
(−1)nzn
(a+ n)n!
= γ∗(a, z) 6.5.29
e−z
2
∞∑
n=0
22nn!z2n+1
(2n+ 1)!
=
∞∑
n=0
(−1)nz2n+1
(2n+ 1)n!
=
√
pi
2
erf z =
√
pi
2
zγ∗(1
2
, z2) 7.1.5
3
Bessel function
∞∑
n=0
(±1)nz2n
22nn!Γ(ν + n+ 1)
=
{
(2/z)νIν(z) (+)
(2/z)νJν(z) (−) 9.1.10
∞∑
n=0
(±1)nz2n
22nn!n!
=
{
I0(z) (+)
J0(z) (−) 9.1.12
Elliptic integrals
∞∑
n=0
(
2n
n
)2
zn
24n
=
2
pi
∫ π/2
0
(1 − z sin2 θ)1/2dθ = 2K(z)/pi 17.3.1,11
∞∑
n=1
(
2n
n
)2
zn
24n(2n− 1) = 1−
2
pi
∫ π/2
0
(1 − z sin2 θ)−1/2dθ = 1− 2E(z)/pi 17.3.2,12
Bernouilli functions and numbers [Bn(0) = Bn, 2
nEn(
1
2
) = En – not the exponential-integral function].
∞∑
n=0
Bn(a)z
n
n!
=
zeaz
ez − 1 |z| < 2pi 23.1.1
∞∑
n=0
En(a)z
n
n!
=
2eaz
ez + 1
|z| < pi 23.1.1
Generalized zeta function (Bose functions) (see below)
∞∑
n=1
zn
ns
= gs(z)
Definitions of special functions in terms of integrals:
Γ(z) =
∫ ∞
0
tz−1e−tdt (Rz > 0) 6.1.1
Γ(z + 1) = zΓ(z),Γ(n) = n− 1!,Γ(1
2
) =
√
pi
γ∗(a, x) =
x−a
Γ(a)
∫ x
0
ta−1e−tdt = x−a[1− Γ(a, x)/Γ(a)] 6.5.4
Γ(a, x) =
∫ ∞
x
ta−1e−tdt 6.5.2
4
E1(z) =
∫ ∞
z
e−t
t
dt (|arg z| < pi) 5.1.1
En(z) =
∫ ∞
1
e−zt
tn
dt = zn−1Γ(1 − n, z) (n = 0, 1, 2, ...;Rz > 0) 5.1.1
Ei(x) = − lim
ǫ→0
(∫ −ǫ
−x
e−t
t
dt+
∫ ∞
ǫ
e−t
t
dt
)
(x > 0) 5.1.2
erf x =
2√
pi
∫ x
0
e−t
2
dt 7.1.1
Jν(z) =
(z/2)ν
pi1/2Γ(ν + 1/2)
∫ π
0
cos(z cos θ) sin2ν θdθ 9.1.20
Iν(z) =
(z/2)ν
pi1/2Γ(ν + 1/2)
∫ π
0
e±z cos θ sin2ν θdθ 9.6.18
ζ(s) =
1
Γ(s)
∫ ∞
0
ts−1
et − 1dt Rs > 1 23.2.7
gs(z) =
1
Γ(s)
∫ ∞
0
ts−1dt
z−1et − 1
Generalized zeta functions, expansion for small α = − ln z ≈ 1− z:
gs(z) =


Γ(1− s)αn−1 +
∞∑
k=0
ζ(s− k)(−α)k
k!
s 6= 1, 2, 3, . . .
(−α)s−1
(s− 1)!
[
− lnα+
s−1∑
m=1
1
m
]
+
∞∑
k=0
k 6=s−1
ζ(s− k)(−α)k
k!
s = 1, 2, 3, . . .
Riemann zeta function [ζ(0) = −1/2, ζ(1) =∞, ζ(2) = pi2/6]
ζ(s) =
∞∑
n=1
1
ns
Rs > 1 23.2.1
Euler’s gamma constant:
γ = lim
m→∞
[
m∑
n=1
1
n
− lnm
]
= 0.57721 56649 01532 86060 . . . 6.1.3
5
Taylor’s expansion of f(z) about z0 = 0:
f(z) =
∞∑
n=0
zn
n!
[
dn
dzn
f(z)
]
z=0
3.6.4
Lagrange’s Expansion
Lagrange’s expansion, where z = f(x), z0 = f(x0), f
′(x0) 6= 0:
x = f−1(z) = x0 +
∞∑
n=1
(z − z0)n
n!
[
dn−1
dxn−1
{
x− x0
f(x)− z0
}n]
x=x0
3.6.6
For g(x) any infinitely differentiable function,
g(x) = g(0) +
∞∑
n=1
(z − z0)n
n!
[
dn−1
dxn−1
(
g′(x)
{
x− x0
f(x)− z0
}n)]
x=x0
3.6.7
For special case of x0 = 0, z0 = f(x0) = 0:
x =
∞∑
n=1
zn
n!
[
dn−1
dxn−1
{
x
f(x)
}n]
x=0
3.6.6
Examples: (Useful for polymerization, percolation on the Bethe lattice):
1 + r
∞∑
n=1
(2n+ r − 1)!zn
(n+ r)!n!
= 1 + r
∞∑
n=1
(n+ r − 1)n−1 z
n
n!
= r
∞∑
n=0
(
2n+ r
n
)
zn
2n+ r
=
[
1− (1− 4z)1/2
2z
]r
related:
∞∑
n=0
(
2n+ r
n
)
zn =
1√
1− 4z
[
1− (1 − 4z)1/2
2z
]r
Taking z = xe−x :
∞∑
n=1
nn−1
n!
(xe−x)n = x
differentiating/integrating w.r.t. x:
∞∑
n=1
nn
n!
(xe−x)n =
x
1− x
∞∑
n=1
nn+1
n!
(xe−x)n =
x
(1− x)3
∞∑
n=1
nn+2
n!
(xe−x)n =
x(1 + 2x)
(1− x)5
6
∞∑
n=1
nn−2
n!
(xe−x)n = x− x
2
2
∞∑
n=1
nn−3
n!
(xe−x)n = x− 3x
2
4
+
x3
6
Combinitorial identities and relations:
(
n− 1
2
n
)
=
(
1
2
)
n
n!
=
Γ(n+ 1
2
)
Γ(1
2
)n!
=
(2n− 1)!!
2nn!
=
(2n− 1)!
22n−1n!(n− 1)! =
(2n)!
22n(n!)2
=
1
22n
(
2n
n
)
=
2
pi
∫ pi
2
0
(sinx)2ndx =
2
pi
∫ pi
2
0
(cosx)2ndx
∼ 1
(pin)1/2
exp
(
− 1
8n
− 1
192n3
+
1
640n5
. . .− B2m(2
2m − 1)
2m(2m− 1)22m−1n2m−1 . . .
)
∼ 1
(pin)1/2
[
1− 1
8n
+
1
128n2
− 1
192n3
. . .
]
6.1.49
Stirling’s Approximation
ln Γ(n) = ln(n− 1)! ∼ n lnn− n− 1
2
lnn+
1
2
ln(2pi) +
1
12n
− 1
360n3
+
1
1260n5
− 1
1680n7
. . . 6.1.41
lnn! ∼ n lnn− n+ 1
2
lnn+
1
2
ln(2pi) +
1
12n
− 1
360n3
+
1
1260n5
− 1
1680n7
. . .
n! ≈
√
2pin
(n
e
)n(
1 +
1
12n
+ . . .
)
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